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ABSTRACT
Ionized geocosmic media parameters in a thermal and a subthermal range of energy have a
number of unique features. The photoresonance plasma that is formed by optical excitation of
the lowest excited (resonance) atomic states is one example of conversion of radiation energy into
electrical one. Since spontaneous fluorescence of excited atoms is probabilistic, the description
of the radiating quantized system evolution along with photons energy transfer in a cold atoms
medium, should include elements of stochastic dynamics. Finally, the chaotic dynamics of a
weakly bound Rydberg electron over a grid of the energy levels diagram of a quasi-molecular
Rydberg complex provides an excitation migration of the electron forward to the ionization con-
tinuum. This work aims at discussing the specific features of the dynamic resonances formalism
in the description of processes involving Rydberg states of an excited atom, including features in
the fluorescence spectrum partially caused by the quantum defect control due to the presence of
statistic electromagnetic fields.
Subject headings: Rydberg quasi-molecule, stochastic dynamics, spectral lines emission.
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1. INTRODUCTION
Publications on astrophysics have traditionally
paid attention to the processes involving highly
excited (Rydberg) atom: in stellar atmospheres of
late spectral types, interstellar nebulae and other
space objects, including our solar system. The
concentration of periodic table elements in geocos-
mic entities can exceed their average concentration
in the Universe by many orders of magnitude. The
examples include the clouds of alkali atoms K and
Na in the atmosphere of the Galilean satellite Io of
the planet Jupiter and chemi-ionization processes
that result in the formation of a wide range of
molecular ions. The constants of these processes
in the thermal interval of energy can reach val-
ues of the order of 10−9cm3s−1 (see, for exam-
ple, Klyucharev et al. (2007)). Since the charac-
teristics of Rydberg states of atoms and quasi-
molecular complexes are with certain exceptions
(which are described in terms of a quantum defect
theory) close to those of a hydrogen atom, they are
nowadays widely used in solving current problems
of nonlinear dynamics of quantized systems.
Physics and chemistry of low-temperature
plasma are most interested in the processes where
a transition of an optical electron into ionization
continuum changes the nature of particles and
occurs in thermal collisions. These processes are
traditionally considered as an effective channel of
molecular ion formation. According to publica-
tions, the maximum values of effective constants
of the formation of a stable charged complex in
binary collisions correspond to the value range of
principal quantum numbers 5 ≤ n ≤ 25 (see, for
instance, Mihajlov et al. (2012)).
Enrico Fermi made the fundamental contribu-
tion into the physics of atomic collisions involving
Rydberg atoms (RA). He suggested treating the
structure of the Rydberg diatomic quasi-molecular
complex as the system of two Coulomb centers and
a quasi-free Rydberg electron (RE) on the trajec-
tory orbit (Fermi 1934). Cold (∼ 90µK) molecules
of alkali atoms were observed in magneto-optical
traps.
Today, the study of phenomena that deter-
mine evolution and stochastic properties of de-
terministic Hamiltonian systems is an important
branch of nonlinear mechanics with potentially
interesting applications in atomic and molecu-
lar physics. Research in the field of non-linear
mechanics (Zaslavsky et al. 1991; Sagdeev et al.
1988) indicates that dynamic chaos conditions
should be treated as a typical rather than an ex-
ceptional situation for the dynamics of Hamilto-
nian systems with small number of degrees of free-
dom. In the physics of atomic collisions under
the semi-classical treaty, chaos conditions arise as
a result of unstable trajectory orbits of optical
electrons. Generally, there are always regions of
phase space and parameters of a system of in-
teracting particles, where the Hamiltonian system
dynamics is stochastic. The transition from in-
tegrable problems of classical dynamics to a sys-
tem with chaos is accompanied by the emergence
of areas in the phase space that are the centers of
chaos and form ”stochastic layers” and a ”stochas-
tic web” (Zaslavsky et al. 1991). Even in a one-
dimensional problem with a time-variable external
disturbance, the effects of dynamic chaos may oc-
cur.
A complete review of data (more than 280
references) obtained before 1995 with regard
to the dynamics of the optical electron in an
excited hydrogen atom in external microwave
and alternating electric fields can be found in
Koch & van Leeuwen (1995). Work of Delone et al.
(1983) is noteworthy as one of the studies that in-
fluenced the development of theoretical and exper-
imental research in the field of dynamic chaos phe-
nomena in excited atom systems. This research
grounded the applicability of quasi-classics in de-
scribing the development of dynamic chaos phe-
nomena in a quasi-hydrogen Rydberg alkali atom
and showed the difference of the arising process
of ”stochastic diffusion” from multiphoton and
tunnel ionizations in a diatomic quasi-molecular
complex. In the diffusion case , the stochasticity
domain in the principal quantum number space is
nmin < n < nmax, where n < nmin are states with
the outer electron regular motion, and n > nmax
belong to continuous spectrum states defined by
Chirikov criterion (Chirikov 1979).
Today quasi-classical approximation of quan-
tum mechanics (Sagdeev et al. 1988) involving
Bohr-Sommerfeld quantum conditions with its vi-
sual interpretation is widely and practically ap-
plied in atomic physics. Within its framework,
the main results have been obtained so far with
regard to the problem of associative ionization
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occurring in the intermediate state of a Rydberg
quasi-molecular diatomic complex (Mihajlov et al.
2012).
Importantly, the stochastic ionization treaties
for quasimolecular collision complexes or un-
der situations when ionization is stimulated by
external microwave fields are essentially one-
dimensional since they are based on the assump-
tion that the RE orbital momentum ~L remains
invariant in the process of RE diffusion. The issue
how ~L evolves in the case of the actual three-
dimension quantum systems and whether this
evolution can significantly affect the results of
one-dimensional approaches is briefly outlined in
the present paper. Another important issue is re-
lated to the influence of the external statistic elec-
tromagnetic fields on the atomic quantum states
structure and, as a consequence, on the values of
dipole matrix elements. The latter determines the
rate constants values in the equations describing
radiation/impact kinetics of geocosmic media, so
that the quantum defect control by external fields
can serve as a means to manipulate both the Ryd-
berg complexes emission spectra and the collision
ionization. It is known that direct analogies exist
between the processes in the laboratory (Earth’s)
plasma and geocosmic plasma. In the atmospheres
of helium-rich cooling white dwarfs stars, as well
as in Earth conditions in the temperature range of
(12−16) ·103K with ionization degree of the order
of 10−3, chemi-ionization plays the major role in
the balance of ionization-recombination processes
with n ≥ 10 (Ignjatovic´ et al. 2008). Hereinafter
the system of atomic units (at.u.) is used.
2. Dipole resonance ionization model for
Rydberg quasi-molecular complexes
(DRM-theory)
The atoms in the upper excited states with val-
ues of effective quantum numbers n∗ ≥ 5 have
unique characteristics conditioned by the strong
dependence of their parameters on n∗: polarizabil-
ity ∼ n∗7, dipole moment ∼ n∗2 etc., making them
effective partners in inelastic atomic and molec-
ular collisions. The dipole resonance ionization
mechanism is briefly described below according to
Mihajlov et al. (2012). So far the absolute major-
ity of calculations of ionization processes occur-
ring in the intermediate state of a Rydberg quasi-
molecular complex have been performed within
the framework of that ionization model. The Ryd-
berg quasi-molecular complex A∗∗2 stabilization or
decay with the formation of charged fragments are
determined by the set of such parameters as pecu-
liarities of interaction potentials, the nature and
the level of particle excitation, and the relative
collision energy. The main contribution into the
ionization occurs in the range of internuclear dis-
tances R at which the weakly bound (outer) elec-
tron becomes shared within the parent complex
A+2 . Charge exchange in that complex induces
the generation of an time varying dipole moment
∼ R(t) that, in its turn, causes the emergence of a
quasi-monochromatic microwave electric field per-
tubing Rydberg electron (RE) motion in the Ke-
plerian orbit. The corresponding charge exchange
frequency ω(R) appears to be equal to the ex-
change interaction ∆(R) or, equivalently, to the
frequency of complete rotations of the low-bound
electron orbital motion. The probability of au-
toionization decay of the complex A∗∗2 is propor-
tional to R2 and depends on the value of the RE
photoionization cross-section, i.e. on the probabil-
ity of the RE stimulated transition from the bound
state with the binding energy E∗i (n) < 0 into the
states of a continuous spectrum with the electron
kinetic energy εk = p
2
k/2 ≥ 0. The emitted elec-
tron energy coincides with the energy released dur-
ing the transition of the initial state of A∗∗2 (R)
into the state A+2 (R), that is reflected in the name
”dipole resonance mechanism” of the process.
It should be noted that today the interest in
chemi-ionization of Rydberg atoms is experienc-
ing a renaissance due to the need to take them
into account in the quantum electronics physics,
on the one hand, and on the other hand, due
to the negative impact of Rydberg complexes in-
duced by geomagnetic disturbances in the Earth’s
ionosphere on our biosphere, including the hu-
man being per se. Deterministic DRM-theory has
played a major role in understanding the processes
that underlie ionization mechanisms involving Ry-
dberg atoms. Moreover, the model is valid for
both a symmetrical and an asymmetrical process
(Smirnov & Mihajlov 1971). New features of the
DRM-theory largely stimulate the development of
experimental research, for example, the use of



























































Fig. 1.— Evolution of the Rydberg electron energy ε (frames a,c) and its angular momentum ~L (frames
b,d) for 10p state (n0 = 10, l = 1) of hydrogen atom. In the case of RE plane motion (frames a, b) frame
b exhibits the projection LZ of ~L on the direction ~L/|~L| orthogonal to the plane of RE motion. Frame d
corresponds to three-dimensional RE motion and shoes the length ~L = |~L| of the angular momentum.
3. Non-linear dynamic resonances in atomic
systems in an external time-depending
electric field.
In the literature, the term ”dynamic chaos” in
atomic systems refers to the result of the evo-
lution of deterministic (causal) quantized atomic
systems, which dynamics over time cannot be ac-
curately predicted. As an example, consider three
options:
(i) Rydberg hydrogen atom or quasi-hydrogen
alkali atom in an external electric (electromag-
netic) field (Delone et al. 1983; Krainov 2010).
(ii) Rydberg collisional quasi-molecular com-
plex, i.e. Rydberg quasi-molecule.
(iii) The diffusion ionization of Rydberg colli-
sion complexes with a strong non-adiabatic con-
nection between electron motion and nuclear mo-
tion.
The above cited papers Delone et al. (1983) and
Krainov (2010) formulate the traditional approach
to the problem of the excited atom behavior in
an external microwave electric field, show the ap-
plicability of a quasi-classical description for RE
dynamics which starts with the initial energy ε0.
The field perturbation causes the main change
∆n = n − n0 in the principal quantum number
n0 of the initial state of the atom when the ex-
ternal field angular frequency ωL coincides with
the circular frequency of the electron motion in
the Keplerian orbit ωc = n
∗−3 (resonance). In the
case of alkali atoms the effective quantum number
n∗ differs from the principal one n on the value
of the quantum defect δl: n
∗ = n − δl. Essen-
tially, the authors of Delone et al. (1983) (see also
Gontis & Kaulakys (1987)) suggested a stochastic
ionization mechanism unparalleled in tunnel ion-
ization or multiphoton ionization, i.e. the diffu-
sion ionization mechanism. In quantum mechan-
ics, this is explained within the model of ”multi-
photon” resonance, under which the m-photon en-
ergy coincides with the energy levels separation of
an excited particle. Quasi-classical approach con-
nects the stochastization effect with the emergence
of a stationary term Uk,m(ε) in the perturbing se-
ries that formally corresponds to the m-photon
resonance when the product mωL coincides with
the RE k-overtone: mωL = kωc where m and k are
integer numbers. In this case the value of the ex-
cited atom energy ε begins to oscillate in the vicin-
ity of its ”undisturbed” value ε0 with the width of
the nonlinear resonance δε.




Two fixed energy levels that have the quantum
numbers n0 and n0+ k mix most effectively when
m-photon resonance is realized,
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mωL = ∆ε = ε(n0 + k)− ε(n0) ≈ kωc(n0), (2)
i.e. the m-photon energy mωL coincides with the
energy spacing ≈ kωc between the levels. In the
literature, this situation is called the implementa-
tion of dynamic nonlinear resonance for the ”res-
onance” energy εk,m = ε(n0). Only in this case,
the external pertubation can significantly distort
the initial (unperturbed) motion of the electron.
Note also the root (non-linear) dependence of δε
on the value of the disturbing potential.
The emergence of the finite width of nonlin-
ear resonance for nonlinear systems (dωc/dε 6= 0)
is crucial for the formulation of global (strong)
chaos conditions. Generally speaking, in the en-
ergy space with a given external excitation, a dis-
crete set of ”resonant” energies εk,m, which are
conditioned by nonlinear resonances of different
orders, can be realized (along with the correspond-
ing quantum numbers nk,m). In the case of a weak
excitation the widths δε of neighboring resonances
do not overlap, i.e. δε < ∆ε. If the system motion
starts with the initial energy value ε = ε0, the sys-
tem always remains ”bound” within the width δε.
The situation changes radically when the regions
of neighboring nonlinear resonances begin to over-
lap, i.e. δε > ∆ε. Now the electron can ”diffuse”
in the neighborhood of any nonlinear resonance
and go away from its initial position as far as can
be in the energy space. The resonance overlap con-
dition is known in the literature as Chirikov cri-
terion for the onset of the global chaos (Chirikov
1979).
The ratio K = δε/∆ε (Chirikov parameter)
equals one was shown to be the threshold of the
global chaos realization. Note that the widths
of dynamic resonances and, consequently, the
effects of stochastic dynamics are directly re-
lated to the matrix elements of perturbation op-
erators. This observation is confirmed by the
data in Bezuglov et al. (2014b), where the co-
efficients of the light-induced RE diffusion equa-
tion in an external microwave field are explicitly
expressed using dipole matrix elements of an ex-
ternal field. Some results of the theory of dy-
namical chaos, which are useful for carrying out
relevant assessments may be found in works of
Koch & van Leeuwen (1995); Delone et al. (1983);
Krainov (2010); Kaulakys & Ciziunas (1987);
Bezuglov et al. (2001); Kaulakys & Vilutis (1999)
and Bezuglov et al. (2002).
Studies of the dynamic chaos in quantized
systems place high demands on the numerical
algorithms stability at large times. Papers of
Efimov et al. (2014a,b) and Balaraman & Vrinceanu
(2007) suggest to use geometric integration meth-
ods of Hairer (1999) in describing evolution of a
Rydberg atom in external fields. These meth-
ods combine the enhanced stability of symplectic
methods of differential equations numerical solu-
tion with the efficiency (calculation speed). The
improved method of split evolutions was also ap-
plied in calculations on the base of Floquet tech-
nique (Chu & Telnov 2004) that allows extend-
ing the algorithms used for nonstationary prob-
lems. As a result, an algorithm for calculating RE
trajectories in the Coulomb potential perturbed
with a microwave electrical field was elaborated
(Efimov et al. 2014a,b).
Below we show in Fig. 1 numerical results on
the chaotic diffusion dynamics of RE in a hydro-
gen atom which evolves from the initial state 10P
(with the principal n0 = 10, and orbital l = 1
quantum numbers) to the ionization continuum
in the presence of the external microwave field
~E = ~E0 cos(ωLt). The field frequency is taken as
ωL = 3/10
3 at.u. The field amplitude E0 = | ~E0| is
chosen to exceed the critical value Ec = 2/(49n
4
0),
(Delone et al. 1983; Krainov 2010) for the onset
of the dynamic chaos regime. When the ampli-
tude E0 > Ec, all dynamic resonances occurring
in the region n > n0 overlap, so that RE may free-
diffuse into continuum. Under the semi-classical
approach the description of the wave-function evo-
lution is carried out in terms of the RE classical
trajectories characteristics such as the energy ε
and the angular momentum ~L. The initial value
L0 of L = |~L| is determined, for instance, via the
initial orbital quantum number l with the semi-
classical formula L0 = l + 0.5 = 1.5 (Delone et al.
1983; Reetz-Lamour et al. 2006) while the initial
energy ε0 of the trajectory is obtained via Eq. (1).
We are concerned mainly with the situations when
L tends to change significantly, i.e. states with
various lmix. Data of Fig. 1 correspond to two ba-
sic configurations resulting in the maximum possi-
ble variations of L: (i) RE plane motion ( ~L0 ⊥ ~E0,
frames a, b) with the amplitude E0 = 16.4/(49n
4
0)
and (ii) RE three-dimensional motion ( ~L0 ‖ ~E0,
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frames c, d) with E0 = 12.9/(49n
4
0).
However, data in Fig. 1 do not negate the re-
sults of the initial one-dimensional diffusion ion-
ization theory of Delone et al. (1983); Krainov
(2010) that takes into account the chaotic migra-
tion of RE only along the energy spectrum with-
out regard to changing L. Importantly, it is well
seen that L variations in the process of diffusion
remains below its critical value Lc ∼ l = 10, ex-
ceeding of which results in deviations from one-
dimensional theory (Delone et al. 1983; Krainov
2010). As it turns out with lower values of L < Lc,
the diffusion rate constants calculated using the
equations of Fokker-Planck type practically does
not depend on L (Krainov 2010), so that L vari-
ations with amplitude less than Lc do not affect
the one-dimensional approach for RE stochastic
ionization.
4. Specific features of stochastic and ra-
diative processes under double Stark
resonance.
Today the research in spectral composition of
Rydberg atoms is one of the main trends in physics
of Earth’s atmosphere and astrophysics. In the
literature, the case where one of the levels of l-
series of an atom is located in energy space ex-
actly between the two levels of adjacent series (l –
1) or (l + 1) is called Fo¨ster resonance or double
Stark resonance (Walker & Saffman 2005). This
configuration corresponds to a two-photon reso-
nance for a cascade transition (l−1, n)→ (l, n)→
(l − 1, n − 1) (see Fig. 2). Such situation occur-
ring when δl−1− δl = 0.5 in terms of the quantum
defect δ is typical for Rydberg alkali atoms (in
the case of Na, for instance, δl=0 − δl=1 ≈ 0.504),
while it is absent in the hydrogen atom. To-
day, the literature on spectroscopy considers this
phenomenon as a prospective option for manip-
ulating cold atoms in a laser field (Shore 2011;
Reetz-Lamour et al. 2006). The configuration of
atomic levels that meets the case of double Stark
resonance presented in Fig. 2 is similar to that of a
three-dimensional quantum oscillator according to
the second Bohr correspondence rule (Sommerfeld
1934), where ”long” optical transitions are forbid-
den (see Fig. 3). In other words, it is the matter
of most of the transitions being blocked due to a
significant decrease in the values of their dipole
Fig. 2.— Schematic energy levels diagram for two
series {l – 1} and { l } that realize the Fo¨ster reso-
nance. The levels structure is identical to that for
a three-dimensional oscillator and in accordance
with the oscillator selection rules (Sommerfeld
1934) allows dipole optical transitions between ad-
jacent levels only.
Fig. 3.— Partial probabilities Wp→s (curve 1)
and Wp→d (curve 2) (atomic units) of sponta-
neous transitions for the state 13p (n=13, l=1)
as functions on the model parameter α entering
into Sommerfeld potential Uα(r). Curve 3 shows
the behavior of the total spontaneous decay rate
Wp(n) =Wp→s +Wp→d.
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matrix elements. The both electron diffusion over
the grid of quasi-crossing energy curves of a Ry-
dberg complex and radiative processes should be
damped under the realization of Fo¨ster resonance.
As an illustration, we consider RE features
in alkali atoms which can be modeled with
Sommerfeld potential Uα(r) = −1/r + α/(2r
2)
(Sommerfeld 1934), where α is a parameter of
our model. In the case of Hydrogen atom the
parameter α is zero. For alkali atoms α-values
should be found from spectroscopic data using
the following relation between the quantum de-
fect δl of l-atomic series and the parameter α:
δl = l+0.5− [(l+0.5)
2+α]1/2. The conditions of
Fo¨ster resonance implementation δl−1 − δl = 0.5
for a Sommerfeld atom corresponds to the param-
eters α values αl = 3(l
2 − 1/16) (Zakharov et al.
2011). In the particular case of the {p, s} series
it yields αp = 2.81, whereas αd = 11.8 for the
{d, p} series. The particularities of stochastic ion-
ization were discussed in work of Zakharov et al.
(2011) where it was demonstrated a threefold in-
crease in the time of the diffusion ionization in
the vicinity of the double Stark resonance. Here
we present calculations (see Fig. 3) for the total
probabilities Wl→l′(n) of the spontaneous tran-
sitions of nl-state at all lower lying levels of the
fixed l’ -series (l’ = l ± 1). We choose the ini-
tial Rydberg state of p-series (l = 1) with n =
13. It is well seen a significant decrease (at three
orders of magnitude) of spontaneous transitions
probabilities in the vicinity of the critical value
αp = 2.81, where blocking the dipole matrix el-
ements takes place due to Fo¨ster resonance (see
Fig. 2). Those important facts should be properly
accounted for in the radiation-collisional kinetics
in the atmospheres of celestial objects under the
presence of quasi-static electric/magnetic fields re-
sulting in essential Stark/Zeeman shifts of atomic
levels. One of the consequences, for instance,
may be dramatic redistribution of Rydberg states
(n ∼ 10) populations with the subsequent changes
in IR emission spectra.
5. Conclusion
In the literature, the term ”chaotic” refers to
quantum-mechanical or quasi-classical ensembles.
It implies a probabilistic description of physical
phenomena which cannot be reduced to a conven-
tional notation of an individual wave functions or
a trajectory. The main reason for the conversion of
a regular atomic system into chaotic one under the
influence of external time-varying forces is mainly
connected with the emergence of the so-called ”dy-
namic nonlinear resonances”. Their mutual over-
lapping results in the emergence of a global dy-
namical chaos. In this paper, the stochasticity
is considered with regard to diffusion ionization,
arising due to complicated energy levels of a Ryd-
berg quasi-molecular collisional complex or stim-
ulated by an external weak microwave field. We
discussed as well a possibility of blocking dipole
optical transitions in a Rydberg atom due to the
quantum states shifts under the presence of statis-
tic electromagnetic fields and describe the corre-
sponding dramatic changes in both the dynamic
chaos regime and kinetics of radiative processes.
Important specific futures of the double Stark res-
onance are outlined that are of interest for the in-
terpretation of the observed fluorescence spectra
in astrophysics.
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